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Abstract

We study information transmission through a finite buffer queue. We model the channel as
a finite-state channel whose state is given by the buffer occupancy upon packet arrival; a loss
occurs when a packet arrives to a full queue. We study this problem in two contexts; one where
the state of the buffer is known at the receiver, and the other where it is unknown. In the
former case, we show that the capacity of the channel depends on the long-term loss probability
of the buffer. Thus, even though the channel itself has memory, the capacity depends only on
the stationary loss probability of the buffer. The main focus of this paper is on the latter case.

When the receiver does not know the buffer state, this leads to the study of deletion
channels, where symbols are randomly dropped and a subsequence of the transmitted symbols
is received. In deletion channels, unlike erasure channels, there is no side-information about
which symbols are dropped. We study the achievable rate for deletion channels, and focus our
attention on simple (mismatched) decoding schemes. We show that even with simple decoding
schemes, with i.i.d. input codebooks, the achievable rate in deletion channels differs from
that of erasure channels by at most Hy(pg) — pglog % bits, for pg < 1 — K1, where py
is the deletion probability, K is the alphabet size and Hg(-) is the binary entropy function.
Therefore the difference in transmission rates between the erasure and the deletion channels
is not large for reasonable alphabet sizes. We also develop sharper lower bounds with the
simple decoding framework for the deletion channel by analyzing it for Markovian codebooks.
Here it is shown that the difference between the deletion and erasure capacities is even smaller
than that with i.i.d. input codebooks and for a larger range of deletion probabilities. We also
examine the noisy deletion channel where a deletion channel is cascaded with a symmetric
discrete memoryless channel (DMC). We derive a single letter expression for an achievable
rate for such channels. For the binary case, we show that this result simplifies to max(0,1 —
[Ho(0) + 0Ho(pe)]) where p. is the cross-over probability for the binary symmetric channel.



1 Introduction

In a packet-switched communication network, such as the Internet, the source of a session encodes
information in a set of packets, which are transported as independent units through a set of links to
reach their destination. A packet reaches its destination if there exists a route to the destination,
and if there is buffer space available at every node along the path followed by this packet. The
context motivating our problem formulation is that of a packet-switched communication network
where packet flows share resources, which gives rise to random packet losses due to the randomness
of packet arrivals to buffers in the network, and the effects of congestion control protocols such
as TCP that regulate the packet generation rate of flows. We assume that (a) a packet either
reaches its destination or is lost completely, and (b) the original order of packets is conserved. We
propose an abstraction for this finite buffer channel, and examine reliable transmission rates over
this channel. We ignore the possibility of information transmission through timing (i.e., through
interarrival times), but do allow for coding of successive packets!.

We study this problem in two scenarios, one when the locations of the packet drops are known
at the receiver, and the other when they are not. In the case where the location of the packet
drops is known, we formulate this problem as transmission over a finite-state channel where the
transitions of the finite-state channel occur due to arrivals and departures of packets to the buffer.
This is a finite-state channel with memory whose transitions are not Markovian in general. We
show that under some regularity conditions, the capacity is determined by the long term stationary
loss probability of the buffer. Thus we get the intuitively satisfying result that the capacity is the
product of the capacity of the DMC and the long term probability of a packet not being dropped?.
This is the case even when we allow for feedback.

The main limitation of the erasure channel as a model for a finite-buffer queue (or a sequence
thereof) is that there is no mechanism in the network to explicitly signal a dropped packet to the
destination. Rather, transport protocols such as TCP use sequence numbers in the packet header?
to detect lost packets. The sequence number uses up a certain number of bits to detect lost packets
and to request retransmission of those packets. A fundamental question therefore arises: if we do not
assume a-priori the existence of sequence numbers, what is the capacity of the resulting channel?
This question naturally leads to the deletion channel, which essentially differs from the erasure
channel in that the destination receives no explicit symbol indicating loss of a packet. Instead, the
received sequence of symbols is shorter than the original sequence, with deleted symbols simply

ITransmission of information through inter-arrival times, though elegant, is not optimal when the packet sizes
(i.e., alphabet size of the transmitted symbol) is large enough. This was demonstrated in Theorem 10 in [1], where it
was shown that the capacity of the queue can be achieved without coding for timing information when the alphabet
size is large. This is the case in current networks, where packet sizes range from a few tens of bytes to a few thousand.
Furthermore, it would be difficult to characterize the timing transfer function for a flow of packets in a multihop
packet-switched network shared by many other traffic flows.

2This is akin to the result showed for memoryless erasure networks in [2].

3Strictly speaking, in the TCP header.



removed.

The deletion channel is a special case of insertion/deletion/substitution channels® which model the
effect of synchronization errors and have a long history [3, 4, 5, 6, 7, 8]. A coding theorem for
such channels in terms of maximizing mutual information over input distributions was proved in
[6]. However, even in the presence of i.i.d. deletions, this does not lead to a single-letter charac-
terization for achievable rates. Gallager, in an unpublished report [4], analyzed the performance of
convolutional codes over insertion/deletion/substitution channels. He proposed adding a pseudo-
random sequence to convolutional codes to correct such synchronization errors and derived lower
bounds for achievable rates using sequential decoding for these codes. A similar idea was studied
in “watermarking” codes proposed in [9], where LDPC codes and iterative decoding were used.
Zigangirov [7] studied a more general insertion/deletion channel and improved the lower bounds
of [4] for the performance of convolutional codes with sequential decoding. The bounds of [4, 7]
coincide for i.i.d. deletion channels and are given by

Caet > 1 — Ho(pa), pa<0.5 (1)

where Ho(pg) = —(1 — pa)log(l — pa) — palog(ps) is the binary entropy function. Ullman [5]
studied the binary insertion/deletion channel from a zero-error point of view rather than vanishing
error probability. He provided combinatorial upper bounds to insertion/deletion channels when
asymptotically (in the codeword block size) the number of synchronization errors is a fraction of
the codeword block size. His bounds are (see (33) and (44) in [5])
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where p in his notation is the fraction of total insertion/deletion errors asymptotically in the code-
word block size. The zero-error rate bounds are more pessimistic than the bounds when the error
is allowed to vanish asymptotically and hence the lower bound (1) in [4, 7] is sharper than (2).

The insertion/deletion/substitution channel was also pioneered by Levenshtein [3], where asymp-
totic bounds in the number of codewords capable of correcting up to a finite number of synchro-
nization errors was studied. He also provided number-theoretic constructions for such codes and
motivated a large body of literature on this topic (see [8] for a recent survey of such code construc-
tions).

Our focus in this paper is on asymptotic information-theoretic bounds rather than on code con-
struction, for the case when the number of deletions is a non-zero fraction of the codeword block
size. More specifically, we are interested in achievable rates when the error probability vanishes to
zero asymptotically, and not in zero-error achievable rates. Our main results are the following. In
Section 4.2, we provide an alternative (and simpler) proof for the Gallager-Zigangirov result given
in (1). The proof is based on a random coding argument which analyzes an i.i.d. (memoryless)

4In an insertion channel, additional symbols can randomly be inserted into the codeword. Substitutions are the
familiar symbol errors for noisy channels.



codebook with a simple (not maximum likelihood, i.e., mismatched) decoder. The advantages of
this proof technique are two-fold. The simple decoder analysis is easily extended to larger (non-
binary) alphabet sizes. It is also applicable when the deletion process is only stationary and ergodic
(but not necessarily i.i.d.). Moreover, the simple decoding technique is more efficient than opti-
mal (maximum likelihood) detection. Our key insight is that the transmission capacity of deletion
channels is quite close to that of the erasure channel. That is, the penalty in achievable rate for the
decoder not knowing the packet losses is small, though the code design problem is much harder. We
do examine the deletion channel when the optimal decoding is used, and unfortunately we have not
found any single letter characterization of the achievable rate for this case. However, we extend our
framework of analyzing simple decoding techniques to input codebooks with memory, using Marko-
vian codebooks. In Section 4.3 we derive bounds that improve (1) by using such codebooks. An
important component of this analysis is the study of common subsequences between independent
Markov processes, which might be of independent interest. One of the main insights of this results
is that codebooks with memory can significantly increase the achievable rate for deletion channels.
Our result shows that even with a first order Markovian codebook, we can provably show significant
improvement in the achievable rate. Moreover, this is the first result to show that the achievable
rate of the deletion channel is non-zero even for deletion probabilities py close to 1. In Section
5, we analyze the noisy deletion channel where a deletion channel is cascaded with a symmetric
DMC. We give a single letter expression for the achievable rate which naturally generalizes the
results for i.i.d. input codebooks of Section 4.2. In summary, the main contribution of this paper is
the development of analysis techiniques that allow for single letter expressions for achievable rates
over (noisy) deletion channels. A preliminary version of this work had appeared in [10], and since
then there have been some interesting follow-up work [11, 12] which have further developed on our
framework.

The remainder of this paper is structured as follows. Section 2 formally states the problem. In
Section 3, we analyze the erasure channel, which models the transmission over a finite buffer channel
with receiver side-information about packet losses. In Section 4, we present the main results of the
paper, which are the analysis of achievable rates over deletion channels, including some illustrative
numerical results. In Section 5, we generalize some of our results to the noisy deletion channel, which
is the concatenation of a deletion and a discrete memoryless channel (DMC). Section 6 concludes
the paper with a discussion of several open issues.

2 Problem Formulation

In the finite buffer channel, whether a packet (symbol) gets through to its destination depends on
whether the buffer in a router is full when the packet arrives, in which case the packet is dropped;
otherwise, the packet is delivered, possibly subject to some corruption for other reasons, such as bit
errors in optical fibers or fading effects over a wireless link.



The finite buffer queue viewed as a channel is reminiscent of the finite-state Markov channel. The
state of such a channel is governed by an underlying Markov chain. Information transmission over
such channels has been studied for the case where the channel state evolves independently of its
input and output [13, 14].

For the finite buffer channel, the channel state is determined by the state of the buffer. However,
there is in general no reason why the finite buffer channel should be driven by a Markov process,
given that the evolution of the queue depends on the arrival processes of all the flows sharing the
queue, which in turn depend on the other queues these flows have already traversed, as well as
other effects, such as congestion control protocols regulating the rate of packet generation. Hence
the channel memory could be much more complicated. Therefore, we need to rely on weaker
regularity conditions on the state process under which a coding theorem exists. Note that in our
case, channel memory need not be finite and hence the results of finite-state channels (with finite
memory) given in [15] are not directly applicable. However, we use results from [16] which allow
the state process to have longer memory. More details are given in Section 3.

In Section 3, we make the assumption that the receiver knows when the packet is dropped, i.e., it
receives an explicit erasure symbol. In practice, this is achieved through a sequence number asso-
ciated with each packet to allow the receiver to detect missing packets. This channel is equivalent
to an erasure channel, albeit with complicated memory.

If such side information about dropped packets is not available at the decoder then the chan-
nel is equivalent to a deletion channel. The K-ary deletion channel is defined as follows. Let
" = (xq,...,x,) be a codeword, where z; € {1,..., K}. A deletion pattern d" is a binary vector
(dy,...,d,), where d; = 1 indicates that the i-th symbol of = is deleted, and d; = 0 indicates that
the i-th symbol is received at the output. Let e be the total number of 1’s in d", i.e., the number
of deletions. We define i(k) as the position of the k-th 0 in the sequence d; clearly 0 < k < n —e.
Then the received sequence is ¥ = (y1, ..., Yn—c), With yx = z;4), 1 <k < n —e. In other words,
Y is a sequence of length n — e containing the non-deleted symbols in x. The difference between

erasure and deletion channels is illustrated in Figure 1.

erasure channel deletion channel

X" 00101111001 X" 00101111001
" 00100110001 D" 00100110001
Y" OOEO1EE100E Y¥ 0001100

Figure 1: The output of a binary erasure and of a binary deletion channel for identical input X"
and identical erasure/deletion pattern @™ = D™. Note that the length of the output of the erasure
channel is n, while for the deletion channel it is random.

We are mainly interested in i.i.d. distributions (with P{D; = 1} = p,) for the binary sequence Dj,



but results in Section 4.2 also apply when D™ is stationary and ergodic. Note that the deletion
channel has memory in that p(Y]z™) does not become a product distribution even for an i.i.d.
deletion process. Intuitively, this is because the k-th output symbol y, depends on the entire
history of the deletion process up to i(k). In Section 4, we focus on the pure deletion channel, i.e.,
where the symbols that are not deleted are received without error. Section 5 gives some results on
the noisy deletion channel where there is a DMC following the deletion channel.

We define a (|C|,n) code as a set of |C| codewords C = {x(1),...,z(|C|)} of length n. The encoding
function results in a codeword x(j) to be sent when a message j € {1,...,|C|} is drawn. The
deletion process D causes the random sequence Y = y of length at most n to be received. We also
define a decoding function W : 8 — {1,...,|C|}, where S is the set of all K-ary sequences of length

at most n. The average probability of error for a given codebook C and decoding function W is

defined as
C|

P.C,T/) = |é—|ZIP{Vwm #ilx =20)}. 3)

We define a rate R to be achievable if there exists a sequence of ([2"],n) codes and a decoding
rule W such that the average probability of error P.(C, W) tends to 0 as n — co.

We use the following notation in the remainder of the paper:

1 sample index of point process

Ji index of a codeword in the codebook C

Qi state of erasure channel upon arrival of packet i (1: packet erased; 0: packet gets through)
D; state of deletion channel upon arrival of packet ¢ (1: packet deleted; 0: packet gets through)
Dd probability of packet drop

0 =1—pg probability that packet gets through

n block size

X; information packet

Y; received information packet, or erasure symbol E for dropped packet

Z; received information packet from concatenation of deletion channel and DMC

Y Z sequence of received packets of random length

X" D sequence of length n of information packet and deletion states

K alphabet size of X;

Hy(.) binary entropy function, Hy(x) = —zlogz — (1 — z)log(1 — x)

|| the length of a sequence z

weight of x  the number of 1's in z
y=dox y is the result of applying the deletion pattern d to codeword x

Ax the derivative of x, defined as a sequence of length |z| — 1,

lth

whose component is 1 if x;,; # x;, and 0 otherwise



3 The erasure channel with memory and feedback

In this section we study the finite-state model described in the previous section, where we assume
that the decoder knows which symbols (packets) have been erased, because it receives an explicit
erasure symbol E for each such symbol. Given the finite-state model, we calculate the capacity as
the maximum mutual information between the input and the output. In order for this to make
sense, there has to be some regularity conditions imposed on the state process. In this context,
there is a result in [16] (see also [17]) which states that if the input process {X;} is stationary and
ergodic, and the state process {@;} is weakly mixing and stationary, then the output process {Y;}
is jointly stationary and ergodic with the input process {X;}. In this case, there is information
stability, which ensures that the mutual information is the operational rate [18].

We use this result to compute the capacity of the finite buffer channel, where we also allow for

receiver feedback. We make the following definition. Let 6 denote the long-term fraction of packets
that are not dropped, i.e.,

1

f = lim —

n—oo M

> P{Q;=0}. (4)

We consider causal feedback, i.e., when the received sequence {y;} is fed back noiselessly to the
transmitter after it has been received. Therefore the transmitter knows the buffer state in the
previous transmission but not the current state of the buffer. Given that the capacity is determined
by the long term loss probability of the buffer and the capacity of the DMC, it seems unlikely that
feedback would help to improve this. The following result formalizes this intuition.

Proposition 3.1 If the state process {Q;} is stationary and weakly mizing, then the capacity of
the finite buffer channel with feedback is given by
C = 0C,, ()

where Cy denotes the capacity of the DMC. The capacity is achieved for an i.i.d. input process {X;}
that achieves the capacity of the DMC.

This result can be generalized if the probability distribution maximizing the mutual information
for the DMC for each of the states is identical. Under this condition the capacity is given by

Q-1
C=> rC¥
q=0

where 7, is the long term probability of the state to be ¢ and C (@) is the capacity of that state.
This does not hold if this compatibility condition is not met.

Finally, we note that (47) is the capacity per arrival of the input. This can be converted into
capacity per unit time using arguments similar to Theorem 5 in Appendix 6.2 in [19].
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4 The deletion channel

In this section, we develop lower bounds for the “noiseless” deletion channel formulated in Section
2. In Section 5 we analyze the noisy deletion channel for some special cases. We start in Section
4.1 with achievable rates for optimal detection. The rest of the section is focused on the analysis of
a simpler decoding scheme which uses subsequence matching. This framework not only allows us
to assess the performance of low complexity decoders, it also gives a single letter characterization
of its achievable rate (which lower bounds the capacity of the deletion channel). In Section 4.2,
we analyze the simpler decoder for i.i.d. input codebooks. This bound is valid even when there is
memory in the deletion process, i.e., when the deletion process is just assumed to be stationary and
ergodic. Given that input codebooks with memory would do better, in Section 4.3 we analyze the
Markovian input codebooks in the simple decoding framework. This improved bound is valid only
for i.i.d. deletion patterns. However, a bound using this approach can also be worked out when the
deletion patterns are Markovian.

4.1 Mutual information formulation for deletion channels

If the decoder does not have access to the packet loss pattern, it receives a subsequence of the
transmitted sequence. There is a subtle assumption made in the model in that we assume that the
decoder knows when to start decoding, i.e., it does not expect more received symbols. In practice
this can be done through a time-out mechanism. In [6], it was shown that if we employ optimal
decoding, the capacity can be written in terms of the mutual information. It was proved that this
is the case when there are rare synchronization symbols available which allow the transmitter and
receiver to synchronize block boundaries. Given a transmission block of size n, the capacity [6] is
written in terms of maximizing the mutual information.

Theorem 4.1 (Dobrushin, [6]) For the deletion channel, a constant C is defined for which reli-
able transmission is possible if and only if R < C', where

1
C = lim —C,, where C, = sup I(X™;Y), (6)

oo p(z™)

where Y is the received sequence.

Note that the received sequence Y is of random length M = |Y].

Dobrushin proved this result for more general insertion/deletion channels. However, there has not
been any single letter characterization of the mutual information.

The mutual information can be written as,
I(X™Y)=H(X") - H(X"|Y)=H(Y) - H(Y|X") (7)

8



For a given input codebook it is not difficult to calculate H(X™), but the main difficulty is in
characterizing or bounding H(X™"|Y). The other expressions give rise to similar difficulties. We
can write H(X"|Y) as

H(X"|Y) = H(D"|Y) + H(X"|D", Y) - H(D"|X, Y), (8)

where D" = {Dy, Ds, ..., D,} is the deletion pattern. In order to see the relationship between the
erasure and the deletion channel notice that if the side information about the deletion pattern was
known at the receiver, the mutual information of interest would be I(X"; Y, D™) and this can be
written as

I(X™ ¥, D" = [(X"; Y]D") = H(X") — H(X"|D", ¥), (9)
since the deletion process is independent of the input. Comparing (8) and (9) we see that the
difference comes from H(D"|Y) — H(D"| X", Y) = I(X"; D"|Y), that is, the dependence between
the deletion process and the input, given the received sequence. This argument of course ignores
the fact that the optimal input distribution for the i.i.d. erasure channel and the i.i.d. deletion
channels are different. But it gives a flavor of where the difference might lie. Unfortunately we
have not been able to give a single letter characterization of the mutual information of the deletion
channel.

Optimal decoder: Achieving the rate defined in (6) requires optimal decoding. In the case of
the deletion channel, if we know the block boundaries, we receive a sequence Y of length M where
n — M is the number of deletions. We need to find the most likely codeword that would have
produced Y. For the i.i.d. deletion channel this corresponds to finding the codeword X™(j) € C
such that Y occurs most number of times as a subsequence of X"(j). This would mean finding
for all codewords in C the number of times Y occurs as a subsequence. In the rest of the section
we analyze a simple decoder that finds the codeword that contains Y as a subsequence, and if it is
not unique, declares a decoding error. The advantages of this suboptimal decoder are its simplicity
and the fact that we are able to characterize its achievable rate. However, we expect that more
sophisticated decoders can achieve higher transmission rates.

4.2 Simple decoding framework

For the rest of the section we analyze a simple decoder defined as follows. We check the number
of codewords in the codebook that could have produced the received sequence under any deletion
pattern, i.e., the codewords that contain the received sequence as a subsequence. If there is more
than one possible codeword, then we declare a collision error. If there is no collision, we are
certain that the unique candidate codeword is the correct one (as the channel is not noisy), and the
transmission is successful.

In this section, we assume a stationary and ergodic model for the deletion process D. Therefore,

for large n, the fraction of deleted packets is close to (1 — 6) = pq with high probability. Note
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that, as mentioned in Section 1, if the deletion patterns were known (through sequence numbers for
example) then the channel would be equivalent to an erasure channel, whose capacity is 6 log(K).
Clearly, conveying the deletion pattern to the receiver constitutes side-information and therefore
this rate is an upper bound to the deletion channel capacity.

To study this problem we use the following lemma proved in [20] for common subsequences of
random sequences.

Lemma 4.1 [20] For a given K-ary sequence y of length |y|, the number F(n,y, K) of K-ary
sequences of length n which contain sequence y as a subsequence is given by:

Pl =3 (1) = (10)

J=lyl

Note that the function F(-) depends on y only through its length |y|. Lemma 4.1 implies that if
X" 1is an i.i.d. sequence with uniform distribution over its K-ary alphabet then,
F K
P{Y subsequence of X} = % (11)
as all sequences are equally likely. Given this result, we prove the following lower bound on the
capacity of the deletion channel.

Theorem 4.2 Given a stationary and ergodic deletion channel with stationary deletion probability
pa=1—0 (withps <1—1/K), and an input alphabet size K, the capacity of this channel is lower
bounded as

Cier > log (%) + 0log(K — 1) — Hy(0). (12)

Proof: Generate a random codebook of 2" ii.d. codewords chosen uniformly from a K-ary
alphabet. As the channel randomly deletes symbols from a codeword, the length of the received

sequence M = |Y] is a random variable. Assuming that the deletion process is stationary and
ergodic, it follows that
M
limP{——9‘>e}—>O. (13)
n—o00 n

We use the following decoding rule. If the received sequence Y has fewer than m = (0 — €)n
symbols, we declare an error. Because of (13), the probability of this error goes to zero. If the
received sequence Y has at least m symbols, we check the number of codewords in the codebook
that could have produced Y under any deletion pattern, i.e., the codewords that contain Y as a
subsequence. If there is more than one possible codeword, then we declare a collision error. If
there is no collision, we are certain that the unique candidate codeword is the correct one (as the
subsequent channel after deletions is not noisy), and the transmission is successful.

10



We now compute the asymptotic probability of collision error. We first consider the pairwise
probability of collision error between two codewords X; and X, from the codebook, averaged over
all the codebooks. A collision error occurs between two codewords® X; and X, if the received
sequence Y = D7 o X, generated by a random deletion pattern D7 is a subsequence of X5 (because
this implies that there exists a deletion pattern D} such that D} o Xy = Y.)

Consider the error probability conditional on the number of received symbols M. This probability
obviously decreases with M, because the probability of a common subsequence decreases with
its length. Therefore, an upper bound for the collision probability can be obtained by setting
m = | (0 — €)n]| and assuming M = m. For computational reasons, we set m = (6 — e)n — 1, which
is conservative. Therefore, we can write the pairwise error probability that X, collides with the
transmitted codeword X; averaged over random codebooks as,

Py = EclP{errorlX,, M} = 3 P{yis a subsequence of Xo|X,}E{¥ = D" o X,} (14)
Y,|Y|=m

o Fn,m K
@ Flnm K) Y P{Y=Dox;} Y

n
Y| ¥|=m

F(n,m, K)
Kn

(C) 1 n (d) ]_ m

< K—1)"m< QHHO(;) K —1)vm

< () —ayn S e )

where (a) follows from (11) and the independence of X; and Xs; (b) follows because the probability
summed over all deletion patterns (conditioned on the weight of the deletion pattern) is unity; (c)

follows from the inequality that F(n,m,K) < n < " ) (K — 1) ™ (which can be easily verified
m
[20]); and (d) follows from the inequality < " ) < 27Ho(5) (see [21], Chapter 12, pp 284).
m

A union bound over all codewords X, bounds the error probability P, (averaged over codebooks)
as,

(K —1)2f2HC) "
K(K —1)%

P, < 2"PE.[P {error| X, M > m}] + P{M <m} <n [ + Op. (15)
Therefore, if the first term decreases exponentially with n, the probability of error goes to zero
asymptotically in n as d,, — 0 from (13). This happens when

K
R < log (ﬁ) + 0log(K — 1) — Hy(0) (16)
Therefore, by using the well-known random coding argument [21], there exists a deterministic

codebook which has an achievable rate given by R. Note that this is in the regime where 6 is such

that log(25) + #log(K — 1) — Hy(f) > 0, which occurs for pg < 1—1/K. |

5By slight abuse of notation we use X1, X» for the codeword sequences of length n.
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Therefore, as the capacity of the deletion channel is upper bounded by that of the erasure channel,
we obtain the following double inequality,

log (%) 4+ 0log(K — 1) — Hy(6) < Cuut < 0log(K) (17)

For the binary case (K = 2), Theorem 4.2 coincides with the achievable rate proved in [4, 7].
However, the decoding technique is not the sequential decoding rule used in [4, 7], but is a common
subsequence (mismatched) detection rule.

Corollary 4.1 Given a stationary and ergodic deletion channel with long term deletion probability
given by 1 — 6 (with > 1/2), and a binary input alphabet, the capacity of this channel is lower
bounded as

Caer > 1 — Hy(6), (18)

where Hy(.) is the binary entropy function.

4.3 Markov lower bound

In Section 4.2, the codewords were i.i.d. However, we believe that the optimal codebook construction
has memory, because the deletion channel has memory. In this section, we sharpen the result in
Section 4.2 by using input codebooks which are generated from a Markov process. For simplicity,
we consider only first-order Markov chains. We continue with the simple decoding framework
introduced in Section 4.2.

In analogy with the analysis for i.i.d. codewords in the previous section, we need to find the
probability that two independent Markov chains of length n have a common subsequence of length
greater than m. In order to simplify the analysis, we assume that the deletion sequences are i.i.d.

processes®.

Theorem 4.3 Given an i.i.d. deletion channel with deletion probability given by pg=1—0, and a
K-ary input alphabet, the capacity of this channel is lower bounded as

Caer = sup [—0log{(1 —¢)A+¢B} —~| nats (19)
02p<1
_ o (1-p) _ _ =2y (1-p)? —
where A = A(p,y) = e S =3k B = B(p,y) =e¢ E[i—e 1= ] + pe~7 and

R 0K~ 1) (pK 1)
¢=40) = % |1+ mon-n-ner D |-

6The technique developed here can be easily extended to the case where the deletion sequences are finite-state
Markov processes as well.
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Figure 2: Markov chain generating codebook.

Proof: We generate a random codebook C of €™ codewords, with each codeword an independent
sequence generated using the first-order Markov chain illustrated in Figure 2. We use the same
decoding framework as the one used in the proof of Theorem 4.2, i.e., we declare an error either
when the received sequence Y has fewer than m = (6 — €)n symbols, or when there is more than
one codeword in C that contains Y as a subsequence. In order to compute the asymptotic collision
error probability, we again consider the pairwise probability of error P, between two codewords X
and X, averaged over random codebooks. As in (14) this can be written as,

Py = E¢[P {error| X, M}] = Z P{Y is a subsequence of X5|X;}P{Y =D"0X;}  (20)
Y,|Y|=m

The central difference between the calculation done in (14) and here is that when the input codebook
has memory, the term P{y is a subsequence of X5|X;} depends explicitly on the subsequence Y
not just through its length M as was the case in (14). Moreover, this implies that we need to also
explicitly calculate the term P{Y = D™ o X; } when the deletion process is i.i.d. and X is a Markov
process. For both these calculations, the weight of the derivative” AY of Y becomes important.
Note that the number N; of K-ary sequences y of length |y| = m with Ay having weight i is given
by

]

Ni:K(K—l)’(m__l). (21)

TAY is defined as a sequence of length | Y] — 1, whose I*" component is 1 if Y;,; # Y;, and 0 otherwise. See also
the table of definitions at the end of Section 2.

13



Therefore, to calculate the pairwise error probability expression in (20) we use the following results,
which are proved in the Appendix. Once having calculated the pairwise error probability we can
prove the claim in (19).

Result 1: The probability of a given subsequence y occurring through an i.i.d. deletion process D
in X, averaged over the input codebook, is given by

P{Y:D%X}:i(l_q)iqm—l—i, (22)

K\K-1

where i is the weight of AY, | Y] =m, and ¢ = % [1 + (Kf(g__(ll)_(%{(;;()_l)]'

Result 2: The probability of a given subsequence y occurring in a Markov sequence X, generated
by the transition probability illustrated in Figure 2 is bounded by,

P{Y is a subsequence of Xy} < ir>1% Fem Al (23)
Y
where (1-p)
_ —Pp
A=e7 E— (24)
(K=1)[1—e{1-7zH}]
_ 1—p)? _
B=e¢? ( ——— +pe 7, (25)
(K=1) [1—e {1 - 5%}]
and
1 - (1—ple?
F=—¢ v 1 -+ 1— (26)
K 1—e{1-5

Again, in (23) i denotes the weight of AY, and | Y] = m.

Using (21), (22) and (23) in (20) we obtain,
B o< miN- inf | pemaipm-imi L (124) neiey (27)
B R e K\K -1
m—1
m—1 , .
< i n _ 7 m—1—1
< e (M01) 00 ]
2 Finf [ {(1— A+ gB)™"
< Finf [ {(1-q)A+q¢B}"],

where (a) follows by using the binomial expansion of (a + b)™!.

As in the proof of Theorem 4.2, we use a union bound over all codewords X, if X; was the
transmitted codeword to obtain,

P, < e"FE[P {error|zy, M > m}] +P{M < m} (28)
< e"Finf [ {(1—q)A+qB}""] (29)
>0
1 m oy n
< Finf {e"e[(1—q)A+qB]~} | + 6.

v>0 | (1 —q)A+¢B

14



Therefore the probability of error goes to zero asymptotically in n if,

R < sup [—0log{(1 —q)A+ ¢B} — 7] nats (30)
0dp<t

giving us the desired result.

Remarks:

e Note that for p = %, it can be shown that the result in Theorem 4.3 reduces to that in

Theorem 4.2 specialized to the i.i.d. deletion channel.
e Also note that the optimization of (19) for a given p can be accomplished in closed form as it

results in a simple quadratic equation in ~.

We can specialize the result in Theorem 4.3 to the binary K = 2 case, as follows.

Corollary 4.2 Given an i.i.d. deletion channel with deletion probability given by pg =1 — 0, and
a binary input alphabet, the capacity of this channel is lower bounded as

Caer > sup [—0log{(1 —q)A+ ¢qB} —~] nats (31)
02pet

—p)e— —p)2e—2 — —
where A = A(p,v) = g_zlﬂ;, B = B(p,7y) = % +pe " and g =q(p) =1— m.

It is interesting to note that with a Markovian codebook, non-zero capacity is achievable even for
pa > 1 —1/K, the cutoff deletion probability for i.i.d. codebooks in our decoding framework. This
is further examined in the next subsection, where we give some numerical results. This leads us to
conjecture that a promising approach to achieve higher rates over the deletion channel is through
codebooks generated by higher-order Markov processes, as it is unclear whether i.i.d. geometrically
distributed runlengths are optimal.

4.4 Numerical results

In order to gain insight into the behavior of deletion channels, we give some numerical examples.
In Figure 3, we plot the achievable rates derived in Sections 4.2 and 4.3. We also plot the “upper”
bound derived by Ullman [5] given in (2). Note that this bound is only given for reference, as the
underlying assumptions differ from ours: it relates to the combinatorial zero-error rate, while we
are interested in vanishing error probability. Therefore, the achievable rate for the deletion channel
is not necessarily upper bounded by the Ullman zero-error upper bound. Note that the lower bound
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derived in 4.3 (labeled as the Markov bound) is non-zero up to p; = 0.96 and in particular improves
the previously known lower bound given in (1) [4, 7]. In Figure 4, we illustrate that for non-binary
alphabet sizes, the difference between the deletion channel and the erasure channel rates can be
quite small. In particular, we have compared the lower bound (12) derived in Theorem 4.2 to the
erasure channel rate. As can be seen from (12), the difference is at most Ho(pg) — palog % bits,
which is at most 1 bit. This is true with i.i.d. codebooks, and the bound becomes sharper with
Markovian codebooks. This suggests that the use of sequence numbers to detect deletions is quite
inefficient®. For example, in TCP, 32 bits per packet are sacrificed for the sequence number, while
our result shows that at most one bit of redundancy per packet is necessary to convert a deletion
channel into an erasure channel.

10°

Rate (bits) —

—— Markov lower bound

— — 1ID lower bound 1
10 — - Ullman upper bound i

107 L I I | I I I ! I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Deletion probability py

Figure 3: Achievable rates versus deletion probability for binary alphabet size.

5 Noisy deletion channel

In this section we briefly examine the effect of cascading a deletion channel with a discrete memory-
less channel (DMC) as shown in Figure 5. We will mainly develop the lower bounds for i.i.d. input
codebooks as done in Section 4.2. Also for simplicity we consider symmetric DMCs for which it is
known that the optimal input distribution is uniform over the input alphabet (see [21], pp 190).
We first start with a description of a decoder suitable for the noisy deletion channel. Using this
decoder we provide a single letter achievable rate bound for the noisy deletion channel.

8Strictly speaking, sequence numbers are not a feasible coding scheme, as they require logn bits per packet.
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Figure 4: Erasure and deletion channels with packet size of K = 50 bits.

X" Yy” zm
Discrete Memoryless

Channél

——» Deletion channe

|

Figure 5: A deletion channel followed by a discrete memoryless channel.

Consider a received sequence Z of random length M which is the output of the cascade of the
deletion channel and the DMC. Informally, the decoder looks at the set A (Y™|Z) sequences of
length m which are “typical” with respect to the particular noisy received Z, where typicality is
defined with respect to the discrete memoryless channel. Now, the decoder constructs a list £ of all
codewords for which any sequence in A.(YM|Z) is a subsequence of the codeword. Unless |£] = 1,
the decoder declares an error. If |£| = 1, then the decoder declares that j is the index of the
transmitted codeword, where j € L. Therefore, an error occurs either if |£]| # 1 or if j € L is not
the transmitted message. We bound the rate for which this error probability diminishes to zero
asyptotically in n and this provides an achievable rate for the noisy deletion channel.

Consider a discrete memoryless channel (DMC) defined by the transition probability p(z|y), where
we take Y as the input and Z as the output of the DMC. As mentioned earlier, we restrict our
attention to symmetric DMCs. The m'* extension of the DMC is given by the product distribution,
p(z™y™M) = 1M, p(2ily:). We define the set A.(YM|Z) to be the set of input sequences §, that
are jointly € — typical with a particular output sequence Z [21]. Therefore, we immediately have

17



the following result (see [21], Theorem 14.2.2) that for sufficiently large m,

|A€(}~/M|Z)‘ < 2m(H(Y|Z)+26)' (32)

Theorem 5.1 Consider a stationary and ergodic deletion channel with stationary deletion prob-
ability pg = 1 — 0 (with pg < 1 —1/K), and an input alphabet size K. If the deletion channel
is cascaded with a symmetric DMC' (as shown in Figure 5) then capacity of this channel is lower
bounded as

Cler > max {log (%) 4 Olog(K — 1) — [Ho(0) + GH(Y]Z)]} . (33)

Proof: Generate a random codebook {z"(1),...,z"(2"%)} of 2"% n-length i.i.d. codewords chosen
uniformly from a K-ary alphabet. As in the proof of Theorem 4.2, if the received sequence Z has
fewer than m = (0 — ¢)n symbols, we declare an error. As before due to (13), the probability of
this error goes to zero asymptotically in n. Without loss of generality, let us assume that i = 1
was the transmitted message, i.e., (1) was the transmitted sequence. If we denote the output of
the deletion channel as Y, then clearly it is a subsequence of 2"(1). However note that the noisy
sequence Z observed after Y may not be a subsequence of z"(1).

The decoder generates a list £ of all messages for which there exists a sequence in A.(Y™|Z) which
is a subsequence of the codeword. That is,

L= {j - 3GM € A (YM|Z) such that ¢ is a subsequence of x”(])} (34)
Let us define the event
E;={jeL}, j=1,...,2"% (35)
Clearly, we have from the union bound that
P {error|z"(1)} < P{Ef} + > P{E;}. (36)
i#1
Since Y the output of the deletion channel is a subsequence of 2™(1), the event E¢ will occur only

if Y is not jointly typical with the DMC output Z. Therefore by the definition of the typical set,
we see that P {Ef} < e. Now for the event Ej, j # 1, it is easy to see that

@ o F K
P{E;} < Z P {QM is a subsequence of x”(])} < |A6(YM\Z)‘%

gM€A€(f/M|Z)

(37)

In the above (a) is because we are considering uniform i.i.d. codebooks, and hence (a) is a conse-
quence of (11). Using (37) and (32), and following steps similar to (15) we see that

(K — 1)282H0C) g R H(Y|Z)+2en] 7"

P{error|z"(1)} <9, + €, + KK -1)%

(38)
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Hence, as §,,, ¢, — 0, we see that the probability of error goes to zero asymptotically in n if,

) + 0log(K — 1) — {Ho(0) + 0H(Y|Z)} . (39)

K

This gives the desired achievable rate using standard random coding arguments. |

Corollary 5.1 Consider a stationary and ergodic deletion channel with long term deletion proba-
bility given by 1 — 0 (with 0 > 1/2), and a binary input alphabet. If we cascade this with a binary
symmetric channel with cross-over probability p., then the capacity of this channel is lower bounded
as

Odel > max {0, 1-— [Ho(e) + GHO(pe)]} , (40)

where Hy(.) is the binary entropy function.

6 Discussion

In this paper, we have studied information transmission over finite buffer channels. We considered
two cases. First, if the packet loss pattern is known at the receiver, the channel is equivalent
to an erasure channel. For this case, we focus on the impact of non-Markovian channel memory
and on feedback. Second, if the receiver does not have this side information, it is equivalent
to a deletion channel. For this case, we need to make stronger assumptions about the deletion
process. We developed bounds for the achievable rate of deletion channels when we use a simple
(but mismatched) decoder.

In Section 3, we studied the case where the packet loss is known at the receiver, i.e., the deletion
pattern is known. This led to a model of the channel as a finite-state channel (with memory) that
sends a special erasure symbol when the buffer is full. For this model we showed that even when
the state-process has complicated memory an i.i.d. channel input process achieves capacity, which
is not true for general finite-state channels. Moreover, for this model we showed that feedback does
not change the capacity as long as the sender does not change the arrival rate of the packets.

In Section 4, we studied the case where the packet loss is not known at the receiver. Under this
assumption, the finite buffer channel is a deletion channel, whose study is more complicated than the
erasure channel, and whose precise capacity remains elusive. We were able to significantly improve
upon previously known capacity bounds for the deletion channel. This was done using Markovian
input codebooks and a stronger assumption about the deletion process than for the erasure channel.
Specifically, we assumed an i.i.d. deletion process for those results, although our techniques could
be extended to finite-state Markovian deletion processes in a straightforward manner. Also, we
showed that a simple subsequence matching decoder can perform quite well for larger alphabet
sizes K, although its performance remains far below the erasure channel in the binary case even
with Markovian codebooks when the deletion probability approaches 1. We also examined the noisy
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deletion channel where the deletion channel is cascaded with a symmetric DMC. Here we gave a
single letter expression for an achievable rate that naturally extended from the bound for deletion
channels with i.i.d. inputs.

Several interesting questions remain open about deletion channels. Of course, the central question
is the single-letter characterization of its capacity. Even in the absence of such a characterization, it
would be important to develop tighter upper and lower bounds for achievable rates. In particular,
good upper bounds for small alphabet sizes will be useful in gaining insight into the behavior of
deletion channels.

The problem of code construction has a long history and still has a vast number of unresolved
problems (see [8] for example). A key insight from our work is that for small deletion probabilities,
random i.i.d. codebooks perform well, while for higher deletion probabilities one needs to introduce
memory into the codebook design. We believe that this stems from the need of having “runs” of
identical symbols in codewords, such that most of these runs survive the deletion process. This
leads us to conjecture that coding in run-lengths is a useful design technique for deletion channel
codes.
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A  Proof of Theorem 3.1

Proof:  We first prove the result for the case without feedback. Since under the regularity

conditions for {@;}, mutual information has an operational interpretation, the capacity C' is given
by

1
C = lim —max I(X™;Y™").

n—00 1y p(X™)
Thus we can write,

C,=1(X"Y")=HY") - HY"|X") = ZH(E|Yi_1) — HY|Y"™ ' X3, X1 (41)
i=1

The channel output Y; in turn is a function of the current channel state (); and the current input
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symbol X;. We can identify the following Markov chain.
X e (X,Q:) <Y,
Furthermore, conditional on Q! or Y*~! (or both), Q; is independent of X*~! X;, i.e.,
(X7LX) =V =, (42)
This is because the channel state is independent of the channel input.

We can now compute the two entropies in (41). Recall that for a dropped packet (@Q; = 1), the
decoder receives the special erasure symbol Y; = E, which embodies the assumption that the receiver
has side information about dropped packets.

HY,[Y"™") = E|

= E[~log {1vzmp (YilQi = 0,Y"") p (Qi = O"™") + Lyyiepyp (@i = 1Y) }]
E|
E|

—1y—my log {p (Qi = 1Y 1) }]

—log {p (YilQ: = 0,Y" ") p(Qi = 0]Y"") +p (YilQi = 1,Y" ) p(Qs = 1[Y" ") }]

—Lpyzpylog {p (YilQi = 0,Y") p (Qi = 0]V 1) }] + (43)

HY Y™ X, X)) = E[-log{p(Yi]Q: =0,X;)p (Q; =0]Y"", X;, X' 1) (44)
+p (Yi|Q: =LY X, XY p(Q = 1Y X, X1 }]
= E[~log {1pyzmp(YilQi = 0, X;)p (QZ—O\YZ Y+ Ly (@i = 1Y)}
= E[-1izm log {p(YilQi = 0, Xi)p (Qi = Oy 1) }] +
E [~1 ey log {p (Q: = 11Yy"")}]

Putting together (41), (43) and (44), we get

ZP{QZ- =0} [H(Y;|Q: = 0,Y"™") — H(Y;|Q; = 0, X,)] (45)

Since for Q; = 1, we have H(Y;|Q; = 1,Y" 1) = H(Y;|Q; = 1, X;) = 0, using this in (45) we have
therefore shown that

n

Co = I(X"Y™) = > [HYi|Q:, Y™ — H(Y|Qi, Xy)] . (46)

i=1

For a given marginal distribution p(X;), the first term of (46) is maximized for {X;} i.i.d., because
conditioning reduces entropy. Therefore,
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n

C = liml max [ (X;; Y;|Q:) (47)

n—oo N “— p(X;)
=1

n—oo N, 4

1 n
= lim — P{Q; =0} max I(Y;; X;|Q; =0
2 PAQ:= O} (Y XilQi = 0
R
= COJLHC}OEZ;P{Qizo}:GCO
where C'Ozrrz%(](X;ﬂQ:O) is the capacity of the DMC,
p

1 n
and the existence of § = lim — Z P{Q; = 0} is guaranteed because of the regularity conditions
n—oo 1
i=1
on {Q;}. Therefore, the capacity is proportional to the fraction of time the channel is in the “good”

state, i.e., when there is no buffer overflow.

We now show that feedback does not increase the capacity of the channel. We assume that the en-
coder has access up to the previous received symbol, i.e., it knows Y*~! and hence X; = f(W,Y*1).

—

a

w;yn") = I1(W;Y",Q") (48)
= I(W;Y"Q")

= Y _HYY"LQ) =Y HYY"LW,Q)
=1

i=1

—
= Iz

=

Z H(}/Z'|Yi_17 QTL> - Z H(}/Z"Yi_17 VV7 an XZ)
i=1 i=1

—~
S
=

DHMY'TLQY =Y HYY'™,Q" X))
1=1 1=1

—
INe

Y HYQ) =Y HYYTLQ" X))
i=1 i=1

—~
~
-

> HYQ) - > H(Yi|Qi, X;)
=1 =1

= Z](Xi;)/i‘Qi>7 (49>

i=1

where (a) is because @, is a function of Y, (b) is because the message W is independent of Q"
(hence I(W;Q,,) = 0), (c) is because X; = f(W, Y1), (d) follows from Y; conditional on X; and
Q™ is independent of W, inequality (e) is due to conditioning decreasing entropy, and (f) is because
we have a DMC and therefore conditioning on Q;, X; makes Y; independent of Y1 QL.
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The crucial thing to note in (49) is that 1(X;; Y;|Q;) depends on i because X; is a function of Y"1,
and hence this could be a non-stationary process. However, the mutual information is a concave
function in its input probability for a fixed channel. Hence by choosing an average distribution
averaged over the Y~ ! i.e.,

pIX;|W) = ZPXI@/’ LIW)p(y' W), (50)

the mutual information would increase. Hence if we define the stationary process {X;}, where the
X, are i.i.d. with the above marginal distribution, and using the concavity of mutual information,
we obtain

I(Xi(y"™ " W) Yil Qi) < I(X:(W): Yi]Qs) (51)

Now using (51) in (48) we obtain

Lrowye) < LSS IR VIQ), (52)

n -
=1

and hence the feedback capacity C/y, is clearly lower bounded by the capacity C,, s, without feedback.
However, from the above argument we also have

Copp < Cpp < lim — Zmax] Xi;Yi|Qi) = Coup (53)

n—oo N )

Therefore, Cr, = Cppp. [ |

B Proofs of (22) and (23)

In this section we provide the details of the proof for two results used in the proof of Theorem 4.3.

B.1 Proof of (22)

In order to prove (22), we need to look at the joint process of the i.i.d. binary deletion process
D and the first order Markov chain X generating the random codebook. This can be done by
extending the state space of the Markov process of Figure 2 to include the state of the deletion
process. This yields a 2K-state Markov process, (X, D), with each state being the concatenation of
the state of the Markov process and the deletion process. The process Y = D o X is generated by
observing only the states where the deletion process is 0, i.e., the sequence generated through the
deletion channel. These states constitute a subset of the extended Markov chain state space, and
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by the Strong Markov Property [22], this randomly sampled Markov chain is itself a Markov chain.
The transition probability P of the Markov chain generated by the “watched” set is given by

P=0P[I—-(1-0)P]", (54)

where P is the transition matrix of the Markov chain shown in Figure 2. It can be easily shown that

the Markov chain corresponding to P is also symmetric (just as the Markov chain in Figure 2) with
O(K-1)(pK—1)

—1)-(1-0)(pK-1)
Markov chain for m steps. This yields

parameter ¢ = % 1+ ® . Therefore, the subsequence Y is obtained by running this

1 /(1—q\ :
P{Y with AY of weight i} = % <K7—ql) it (55)

B.2 Proof of (23)

To obtain (23), we examine the probability of a sequence y of length m occurring in a K-state
Markov chain X of length n, given in Figure 2. We will consider the number of transitions N of
the Markov chain needed to sequentially match every symbol of .

As X is symmetric, the stationary probabilities for both states are identical. Thus, we can assume
y1 = 0 w.l.g. We first compute N7, the number of transitions to match y;. Its distribution is given
by

. % i=1
P{lez}:{ (1—Lyiz [1_1;:0}1'—2 i>0 (56)

-1 -1

=

Now assume we have matched 1, in X, and let us consider how many transitions are needed to
match y;. We have to distinguish two cases: (a) y; # y;_1, and (b) y; = y;_1. Let N, and N, denote
the number of transitions up to the next match for case (a) and (b), respectively. To this end, note
that because of the symmetry of X, case (a) corresponds to the number of transitions to reach state
1 when we do not start from state 1 (cf. Fig. 2). For this we obtain

1 — 1 — i—1
P{NGZZ}:Tj{l—T_pl] 121 (57)

Similarly, case (b) corresponds to the number of transitions to reach state 1 starting from state 1.
Therefore we obtain




We calculate the moment generating functions for N, and N, as

def o _~N, - (1—p)
o LS Fe=mNa = ¢~ : 59
Na(v) (K o 1) [1 o 6_,y {1 - Iiv—_z; :| ( )
where it is inherently assumed that [e™” {1 } | < 1, which is always true because, {1 — —_pl} <

1 < €” for v > 0. Similarly, we can calculate the following,

(1—-p)?

def o 4N, -2 -
d = Ee 7" =727 + . 60
Nb(’y} € € (K—]_) [1—6_7{1—%}] pe ( )
Let N; denote the number of transitions to match y;. Then
N1 =1
N, = 1 (Ay), =1 (61)
sz (Ay), =0

where N,; and Np; are independent and distributed like IV, and NNV,. The total number of iterations
to match y is N = )", N;. Therefore we have

P {y with Ay of weight i occurs in (X1,...,X,)} =P{N <n}. (62)
Using the Chernoff bound we can upper bound this probability as

P{N <n} < infe"Ee 72N (63)

v>0

@ inf e Ele "M {Ee Mo} {Ee Moyt

v>0

where (a) is obtained by the definition of N, in (61) and the fact that the N, are independent of
each other, giving us the desired result.
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